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To comply with the critique of the Comment [J. Arrington, arXiv:1602.01461], we consider another modifi-
cation of the proton electric form factor, which resolves the “proton-radius puzzle”. The proposed modification
satisfies all the consistency criteria put forward in the Comment, and yet has a similar impact on the puzzle as
that of the original paper. Contrary to the concluding statement of the Comment, it is not difficult to find an
ad hoc modification of the form factor at low Q that resolves the discrepancy and is consistent with analyticity
constraints. We emphasize once again that we do not consider such an ad hoc modification of the proton form
factor to be a solution of the puzzle until a physical mechanism for it is found.
The formalism developed in Ref. [1] was illustrated by
a modification of the proton electric form factor (FF), GE ,
which could reconcile the discrepancy in the various proton
radius extractions. As is correctly pointed out in the Comment
[2], this modification is inconsistent with the analyticity con-
straints. The latter require that all the singularities ofGE(Q2)
lie on the negative Q2–axis, whereas the modification has a
pole near the positive axis resulting in a resonance-like struc-
ture, as seen in Fig. 1 (red dashed curve), as well as in the
figure of the Comment.
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FIG. 1: GE(Q2)− 1 and GE(Q2)− 1 as a function of Q. The solid
black curve shows the empirical FF from Ref. [3]. The dashed red
curve shows the modified FF from Ref. [1]. The dotted blue curve is
the modified FF of this work.
Here we present a modified GE , shown in Fig. 1 (blue dot-
ted curve), that complies with the consistency requirements
put forward in the Comment, and is yet resolving the discrep-
ancy in exactly the same way as described in the original pa-
per. The rest of this Reply can be viewed as the revised Sec.
III of Ref. [1]:
III. RESOLVING THE PUZZLE
We assume the electric FF to separate into a smooth (GE)
and a nonsmooth part (G˜E), such that,
GE(Q
2) = GE(Q
2) + G˜E(Q
2). (20)
For the smooth part we shall take a well-known parametriza-
tion which fits the ep data, while for the nonsmooth one we
take
G˜E(Q
2) =
AQ20Q
2
[
Q2 + 2
]
[Q20 +Q
2]
4 , (21)
whereA,  andQ0 are real parameters. The poles of this func-
tion are at negativeQ2 (timelike region) and hence it obeys the
analyticity constraint.
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FIG. 2: The correction, G˜E(Q2), for Q0 = 1.6 MeV, A =
1.2×10−4 MeV2 and  = 0.143 MeV (solid green), and the weight-
ing function, w(Q), for eH (blue dotted) and µH (red dashed) as
functions of Q. The dash-dotted line indicates the onset of electron-
proton scattering data.
According to Fig. 2, in order to make a maximal impact on
the puzzle, the fluctuation G˜E must be located at the extremi
ofw(Q) in Eq. (19a)1 around either the eH or µH inverse Bohr
radius. Here we shall only consider the latter case and set one
of the position parameters to the MeV scale:
Q0 = 1.6 MeV. (22)
1 Equation numbers below 20 refer to the equations in Ref. [1].
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2This choice conditions the choice of the smooth part G¯E , in
case one wants to solve the puzzle. Indeed, since with this Q0
the nonsmooth part affects mostly the µH result, the smooth
part must have a radius consistent with the eH value. We
therefore adopt the chain-fraction fit of Arrington and Sick
[3]:
GE(Q
2) =
1
1 + 3.478Q
2
1− 0.140Q2
1− 1.311Q2
1+
1.128Q2
1−0.233Q2
. (23)
Fixing Q0, the other two parameters of G˜E , A, and , are
fitted by requiring our FF to yield the empirical Lamb shift
contribution, in both normal and muonic hydrogen, i.e.:
E
FF(exp.)
2P−2S (eH) = −0.620(11) neV, (24a)
E
FF(exp.)
2P−2S (µH) = −3650(2)µeV. (24b)
Note that these are not the experimental Lamb shifts, but
only the finite-size contributions, described by Eqs. (2) and
(4), with the corresponding empirical values for the radii. In
the eH case we have taken the CODATA value of the pro-
ton radius, Eq. (3a), which is obtained as an weighted aver-
age over several hydrogen spectroscopy measurements, and
RE(2) = 2.78(14) fm [4]. In the µH case we have taken the
values from Ref. [5], hence Eq. (3b) for the radius and the
same as the above value for RE(2).
Figure 3 shows at which A and  our FF complies with ei-
ther the eH (blue dot-dashed curve) or µH (red solid curve)
Lamb shift. For A = 1.2× 10−4 MeV2 and  = 0.143 MeV,
our FF describes them both, thus resolving the puzzle (the de-
scription of the ep data by G¯E is not affected by the addition
of G˜E).
Figure 2 shows the fitted G˜E , and the weighting function
(17) for eH and µH. The modification thus enhances the FF
in the region below the onset of ep data (Q < 63 MeV). The
overlap between the correction and the positive contribution
of the µH weighting function is clearly dominating, resulting
in the desired matching to the experimental Lamb shifts given
in Eq. (24).
We emphasize that the magnitude of the change in the FF
is extremely tiny, ∣∣G˜E/GE∣∣ < 3× 10−6, (25)
for any positiveQ2. The Comment suggests that a comparison
of our correction to the deviation of the FF from unity is more
fair. For our newly proposed G˜E , we find this ratio to be:∣∣G˜E/ (GE − 1)∣∣ < 0.57 ,
which does not seem unreasonable either. Furthermore, our
new FF modification satisfies another criteria put forward in
the Comment, namely: GE(Q2) < 1 for Q2 > 0.
Nevertheless, the modification obviously has a profound ef-
fect on the µH Lamb shift. Its effect on the second and third
moments is given by:
〈˜r2〉E ≡ −6
d
dQ2
G˜E(Q
2)
∣∣∣
Q2=0
= −6A
2
Q60
, (26)
〈˜r3〉E ≡
48
pi
ˆ ∞
0
dQ
Q4
{
G˜E(Q
2) + 16 〈˜r2〉EQ2
}
,
= 15A(Q20 − 72)/2Q70. (27)
The numerical values of these moments, together with their
“would be” effect on the Lamb shift and the non-expanded
Lamb result, are given in Table I. One can see that the expan-
sion in moments breaks down for the the modified FF contri-
bution to µH.
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FIG. 3: Parameters of G˜E for which the eH and µH Lamb shifts
of Eq. (24) are reproduced. For fixed Q0 = 1.6 MeV, we chose
A = 1.2 × 10−4 MeV2 and  = 0.143 MeV, as indicated by the
dashed lines.
TABLE I: Lamb shift and moments corresponding to our model FF,
with Q0 = 1.6 MeV, A = 1.2× 10−4 MeV2 and  = 0.143 MeV.
Eq. GE G˜E GE
〈r2〉E [fm2] (6a) (0.9014)2 −(0.1849)2 (0.8823)2
〈r3〉E [fm3] (12) (1.052)3 (8.539)3 (8.544)3
Lamb-shift, expanded (11)
E
FF(1)
2P−2S(eH)[neV] −0.6569 0.0371 −0.6198
E
FF(1)
2P−2S(µH)[µeV] −4202 11542 7340
Lamb-shift, exact (19a)
E
FF(1)
2P−2S(eH)[neV] −0.6569 0.0370 −0.6200
E
FF(1)
2P−2S(µH)[µeV] −4202 552 −3650
In conclusion, we have reworked the low-Q modification
of the empirical proton FF GE such that it complies with the
criteria put forward in the Comment [2]. The original (‘old’)
and the reworked (‘new’) modifications are shown in Fig. 1,
together with the unmodified form. The old and new modifi-
cation are quite different, yet they both allow to describe the
eH and µH Lamb shift simultaneously, while maintaining the
agreement with the ep scattering data. The new modification
looks much more reasonable from the standpoint of the Com-
ment. However, we emphasize once more that this is not a
3proposal for the solution of the puzzle — not until a physi-
cal mechanism for this effect is found. For a current update
on the status of the proton-radius puzzle, see [6, Sec. 7] and
references therein.
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